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Let K be a ﬁnite ﬁeld of characteristic p > 2, and letM2ðKÞ be the matrix algebra of
order two over K. We describe up to a graded isomorphism the 2-gradings of M2ðKÞ.
It turns out that there are only two nonisomorphic nontrivial such gradings.
Furthermore, we exhibit ﬁnite bases of the graded polynomial identities for each one
of these two gradings. One can distinguish these two gradings by means of the graded
polynomial identities they satisfy. # 2002 Elsevier Science (USA)0. INTRODUCTION
The description of the polynomial identities satisﬁed by an algebra is an
important task and it may yield a lot of information about the algebra. One
distinguishes three quite different cases depending on the base ﬁeld K. The
ﬁrst is when K is of characteristic 0; the second when K is inﬁnite, and the
third when K is ﬁnite. The methods that work in each one of these cases are
also different. In the case char K ¼ 0, one may consider multilinear
polynomial identities since they determine all identities of a given algebra.
In this case one applies the theory of representations of the symmetric and
of the general linear groups and other reﬁnements, see for example [3,5,12].
When jK j ¼ 1 it is sufﬁcient to consider multihomogeneous identities. The
methods one uses in this case are mostly based on Invariant theory [1].
Finally if K is ﬁnite ﬁeld then neither of the above identities are sufﬁcient.1To whom correspondence should be addressed.
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KOSHLUKOV AND AZEVEDO598And in general, neither of the methods described functions properly. Instead
one uses the structure theory of rings [8,9] and combinatorics based on the
properties of the ﬁnite ﬁelds.
Let M2ðKÞ be the matrix algebra of order two over the ﬁeld K. Its
identities have been extensively studied, see for example [12] for the case
char K ¼ 0, [6] for jK j ¼ 1, and [10] for ﬁnite ﬁelds. The graded polynomial
identities play an important role in the study of PI algebras, see for example
[5]. We ﬁx the nontrivial grading O on M2ðKÞ
O0 ¼
a 0
0 d
 !a; d 2 K
( )
; O1 ¼
0 b
c 0
 !b; c 2 K
( )
:
When the characteristic of the ﬁeld K equals zero, char K ¼ 0, Di Vincenzo
[2] showed that the graded identities of O follow from two identities namely
from y1y2 ¼ y2y1 and z1z2z3 ¼ z3z2z1 for yi being even and zi odd variables.
When K is inﬁnite, Koshlukov and Azevedo [7] proved that the result of
Di Vincenzo holds. In this paper, we prove that if K is a ﬁnite ﬁeld with q
elements and char K ¼ p=2 that is K ¼ GF ðqÞ and q ¼ pn, then the graded
identities of O are consequences of the identities yq1 ¼ y1 and
ðy1 þ z1  ðy1 þ z1Þ
qÞðy2 þ z2  ðy2 þ z2Þ
q2 Þð1 ½y1 þ z1; y2 þ z2
q1Þ ¼ 0;
where ½x1; x2
 ¼ x1x2  x2x1 is the commutator of x1 and x2.
Let 0=a 2 K, and deﬁne a nontrivial grading Oa on M2ðKÞ:
Oa0 ¼
a d
ad a
 !a; d 2 K
( )
; Oa1 ¼
b c
ac b
 !b; c 2 K
( )
:
We describe, up to a graded isomorphism, the nontrivial gradings forM2ðKÞ.
Namely, one grading is Oa where a is a perfect square in K. This grading is
isomorphic to O. The other is Oa where a is not a perfect square in K. In the
latter case the basis for the graded identities consists of the following three
identities: yq
2
1 ¼ y1; z
2q1
1 ¼ z1 and
ðy1 þ z1  ðy1 þ z1Þ
qÞðy2 þ z2  ðy2 þ z2Þ
q2 Þð1 ½y1 þ z1; y2 þ z2
q1Þ ¼ 0:
Our methods are similar to that used in [10] to prove that the ordinary
polynomial identities of M2ðKÞ, where K is ﬁnite ﬁeld with q elements, follow
from the identities
ðx1  x
q
1Þðx2  x
q2
2 Þð1 ½x1; x2

q1Þ ¼ 0;
ðx1  x
q
1Þ  ðx2  x
q
2Þ  ððx1  x
q
1Þ  ðx2  x
q
2ÞÞ
q ¼ 0:
A BASIS FOR THE GRADED IDENTITIES 599Here we denote x1  x2 ¼ x1x2 þ x2x1. We also use ideas and methods from
[8, 9].
1. GRADINGS FOR THE MATRIX ALGEBRA OF ORDER TWO
A graded algebra A is an associative algebra that can be expressed as the
direct sum of two subspaces A0 and A1 such that AiAj  Aiþj where the sum
iþ j is taken modulo 2. One deﬁnes naturally graded (or homogeneous)
subalgebras, ideals, homomorphisms, isomorphisms and so on.
Let X ¼ fx1; x2; . . .g; Y ¼ fy1; y2; . . .g and Z ¼ fz1; z2; . . .g be three sets of
symbols such that Y [ Z ¼ X and Y \ Z ¼ 0=. Denote by KhXi the free
associative algebra that is freely generated over K by the set X . Let f be a
monomial in the algebra KhXi. We say that f is even if it contains an even
number of entries from Z, i.e., if its degree with respect to the symbols in Z is
even. Otherwise f is called odd. The span of all even (odd) monomials is
denoted by KhXi0 (respectively, KhXi1). Therefore KhXi ¼ KhXi0  K 
hXi1 becomes a graded algebra. If A ¼ A0  A1 is a graded algebra and
f ðy1; . . . ; ym; z1; . . . ; znÞ 2 KhXi then f is a graded identity for A if f 
ða1; . . . ; am; b1; . . . ; bnÞ ¼ 0 for all a1; . . . ; am 2 A0 and b1; . . . ; bn 2 A1. A
graded ideal I ¼ I0  I1 of A is called T2-ideal of A if it is closed under all
graded endomorphisms of A. In other words, if f : A! A is a graded
homomorphism then fðIÞ  I . The set T2ðAÞ of all graded identities of A is a
T2-ideal of KhXi. If g 2 KhXi we say that g is T2-consequence of f (or that
g follows from f as graded identity) if g belongs to the T2-ideal generated in
KhXi by f .
Let K be a ﬁnite ﬁeld with q elements and characteristic p=2; K ¼ GF ðqÞ
and q ¼ pn. For convenience we shall identify the ﬁeld K with the centre of
the matrix algebra M2ðKÞ.
Lemma 1. Let A ¼ A0  A1 be a grading for M2ðKÞ. Then:
(i) There exists an invertible element uA in M2ðKÞ such that u2A=0 2 K
and A0 ¼ fa 2 A j auA ¼ uAag and A1 ¼ fa 2 A j auA ¼ uAag.
(ii) uqA ¼ uA or u
q
A ¼ uA.
(iii) If B ¼ B0  B1 is a grading of M2ðKÞ and there exists an invertible
matrix P in M2ðKÞ such that P1uAP ¼ uB then the map f : A! B
defined by fðxÞ ¼ P1xP is a graded isomorphism.
Proof. As M2ðKÞ is a central simple (ungraded) algebra and A is a central
simple graded algebra, by Lemma 6 of [13], we know that there exists uA 2 A
such that 0=u2A 2 K and A0 ¼ fa 2 A j auA ¼ uAag; A1 ¼ fa 2 A j
auA ¼ uAag. Furthermore, u
q
A ¼ uA or u
q
A ¼ uA; for u
q
A ¼ ðu
2
AÞ
ðq1Þ=2uA ¼
ðaIÞðq1Þ=2uA ¼ uA where I stands for the identity matrix. This proves the
ﬁrst two statements.
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and B1 ¼ fb 2 B j bfðuAÞ ¼ fðuAÞbg. Then observe that if a 2 A0 then
fðaÞfðuAÞ ¼ fðauAÞ ¼ fðuAaÞ ¼ fðuAÞfðaÞ hence fðaÞ 2 B0. Similarly, if
a 2 A1 then fðaÞfðuAÞ ¼ fðauAÞ ¼ fðuAaÞ ¼ fðuAÞfðaÞ, therefore
fðaÞ 2 B1. &
For example, for the gradings O and Oa one can choose the elements
uO ¼
1 0
0 1
 !
and uOa ¼
0 1
a 0
 !
;
respectively. For the trivial grading T , the element uT can be chosen as the
identity matrix.
Now, we are ready to show that there exist only two nontrivial gradings
for M2ðKÞ. More precisely, when A ¼ A0  A1 is a grading for M2ðKÞ, if
uqA ¼ uA, then A is isomorphic to O
a for any perfect square 0=a 2 K, else A is
isomorphic to Oa for any not square a 2 K. Besides, when a=0 is a square in
K then the gradings O and Oa are isomorphic. We shall prove these facts
in the next lemmas.
Lemma 2. Every nontrivial grading A ¼ A0  A1 of M2ðKÞ such that
uqA ¼ uA is isomorphic to O.
Proof. If uA ¼ ac
b
d
 
then u2A ¼
a2þbc
cðaþdÞ
bðaþdÞ
d2þbc
 	
. Therefore, since u2A 2 K,
we have b ¼ c ¼ 0 or a ¼ d. In the ﬁrst case A0 ¼ M2ðKÞ and A1 ¼ 0,
hence the grading is trivial, which is a contradiction. So a ¼ d.
The characteristic polynomial of uA is f ðxÞ ¼ x2  ða2 þ bcÞ whose roots
are l where l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ bc. But u2A=0 implies a
2 þ bc=0. Hence, there
exists an invertible matrix P 2 M2ðGF ðq2ÞÞ such that P1uAP ¼ l0
0
l
 
.
Thus,
lq 0
0 ðlÞq
 !
¼
l 0
0 l
 !q
¼ ðP1uAP Þ
q¼ P1uqAP ¼ P
1uAP ¼
l 0
0 l
 !
:
Therefore l 2 GF ðqÞ; P 2 M2ðKÞ and the map f : A! O deﬁned by fðxÞ ¼
P1xP is a graded isomorphism. &
Remark 3. If a=0 is a square in K then uqOa ¼ uOa . For instance, when
a ¼ 1 we have the grading O1 where uO1 ¼
0
1
1
0
 
. Its eigenvalues are 1 and
1. Therefore, there exists an invertible matrix P 2 M2ðGF ðqÞÞ such that
P1
0 1
1 0
 !
P ¼
1 0
0 1
 !
:
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P ¼
1 1
1 1
 !
; P1 ¼
1
2
1
2
1
2
1
2
 !
:
The graded isomorphism f : O1 ! O such that fðxÞ ¼ P1xP is the
following:
f
a b
c d
 ! !
¼
1
2
aþ bþ cþ d a bþ c d
aþ b c d a b cþ d
 !
:
Corollary 4. Every grading of M2ðKÞ satisfying the identity y
q
1 ¼ y1 is
isomorphic to O.
Lemma 5. Every nontrivial grading A ¼ A0  A1 of M2ðKÞ such that
uqA ¼ uA is isomorphic to O
a, for any a 2 K that is not perfect square in K.
Proof. If uA ¼ ac
b
d
 
then u2A ¼
a2þbc
cðaþdÞ
bðaþdÞ
d2þbc
 	
. Therefore b ¼ c ¼ 0 or
a ¼ d. If b ¼ c ¼ 0 we obtain the trivial grading, so a ¼ d. The
characteristic polynomial of uA is f ðxÞ ¼ x2  ða2 þ bcÞ whose roots are
l where l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ bc
p
. Since uA=0 we get that a2 þ bc=0. Furthermore
l =2 K, for uqA=uA; i.e. a
2 þ bc is not a square in K. As a and a2 þ bc are not
squares in K then aða2 þ bcÞ is a square in K. Choose b 2 K such that
b2 ¼ aða2 þ bcÞ, and consider the matrix u0A ¼
a
b
a
c
b
a
 
. Its characteristic
polynomial is f ðxÞ ¼ x2  a whose roots are
ﬃﬃﬃ
a
p
and 
ﬃﬃﬃ
a
p
, and there exists
an invertible matrix P 2 M2ðKð
ﬃﬃﬃ
a
p
ÞÞ such that
P1u0AP ¼
ﬃﬃﬃ
a
p
0
0 
ﬃﬃﬃ
a
p
 !
:
The characteristic polynomial of uOa is f ðxÞ ¼ x2  a as well, and for some
invertible Q 2 M2ðKð
ﬃﬃﬃ
a
p
ÞÞ we have
Q1uOaQ ¼
ﬃﬃﬃ
a
p
0
0 
ﬃﬃﬃ
a
p
 !
:
Thus ðPQ1Þ1u0APQ
1 ¼ uOa and the map f : A! O
a; fðxÞ ¼ P1xP , is a
graded isomorphism. &
Remark 6. If a is not a square in K then uqOa ¼ uOa . Thus for K ¼ Z3
and a ¼ 1, we obtain the grading
O10 ¼
a d
d a
 !a; d 2 K
( )
; O11 ¼
b c
c b
 !b; c 2 K
( )
;
where uO1 ¼
0 1
1 0
 
, and u3
O1
¼ uO1 , because 1 is not a square in K.
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The next theorem supplies a basis for the graded identities of O.
Theorem 7. The graded identities for O follow from the identities
f1ðy1Þ ¼ y
q
1  y1;
f2ðy1; y2; z1; z2Þ ¼ ðX1  X
q
1 ÞðX2  X
q2
2 Þð1 ½X1;X2

q1Þ;
where X1 ¼ y1 þ z1; X2 ¼ y2 þ z2.
The proof of this theorem is modelled on the paper of Maltsev and
Kuzmin [10] for ungraded identities.
A variety of graded algebras V is the class of all graded algebras satis-
fying a given collection of graded polynomial identities. Clearly, V is closed
under the operations of taking graded subalgebras, graded homomorphic
images, and direct products. The variety V is generated by a class A of
graded algebras, if every graded algebra in V can be obtained from algebras
in A by a ﬁnite number of applications of these operations. We write
V ¼ Var A and if A contains only one graded algebra A we use the notation
V ¼ Var A.
Lemma 8. If A is a finite graded K-algebra, then there exists a class A of
subdirectly irreducible finite graded K-algebras such that Var A ¼ Var A.
Proof. For 0=a 2 A, let Ia be a graded ideal of A maximal with respect
to the exclusion of a. The projections pa : A! A=Ia are graded and onto,
and
T
0=a2A ker pa ¼
T
a2A Ia ¼ 0. Hence A is a subdirect product of the
algebras A=Ia. As aþ Ia 2 A=Ia is not zero and belongs to all nonzero ideal of
A=Ia, then A=Ia is subdirectly irreducible. Let A be the class of the graded
algebras A=Ia.
Suppose that a 2 A, then obviously T2ðAÞ  T2ðA=IaÞ.
If f ðy1; . . . ; ym; z1; . . . ; znÞ 2 T2ðA=IaÞ, then f ða1; . . . ; am; b1; . . . ; bnÞ 2 ker pa
for all a1; . . . ; am 2 A0 and b1; . . . ; bn 2 A1, and a 2 A. Hence f 2T
a2O T2ðA=IaÞ. &
The next lemma is analogous to the result 2.2 of [8].
Lemma 9. Every variety of graded algebras is generated by its finitely
generated algebras.
The exponent of a variety of graded algebras V is the greatest lower
bound of the set of all positive integers r such that ra ¼ 0 for every element a
belonging to every algebra of V. The index of V is the least upper bound of
the set of all nilpotency indices of its nilpotent algebras, see [8, 9] for details.
The next lemma is analogous to [9, Corollary 2.9].
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is locally finite.
Theorem 11. Every variety V of graded algebras having finite index and
exponent is generated by a class of subdirectly irreducible finite graded
algebras.
Proof. According to the previous two lemmas, V is generated by a class
of ﬁnite graded algebras. Hence V is generated by a class of subdirectly
irreducible ﬁnite graded algebras. &
We denote by V the variety of graded algebras deﬁned by the identities
f1 ¼ 0 and f2 ¼ 0.
Lemma 12. Var O  V.
Proof. Since aq ¼ a for every a 2 K then f1 is a graded identity of O. By
Maltsev and Kuzmin [10], f2 is an identity of M2ðKÞ and hence of O. &
Lemma 13. V  Var O.
Proof. Let N ¼ N0  N1 be a nilpotent algebra in V. Then N0 is also a
nilpotent algebra of V. The nilpotency index s of N0 is 2; for if s > 2, we can
take elements a1 . . . ; as1 2 N0 such that a1 . . . as1=0. It follows from f1
that
0 ¼ ða1 . . . as1Þ
q  a1 . . . as1 ¼ a1 . . . as21;
which is a contradiction. Thus if a 2 N0 then a ¼ aq ¼ 0. Therefore N0 ¼ 0
and N ¼ N1. Moreover, as N1N1  N0 ¼ 0, we have that N 2 ¼ 0.
The variety V has ﬁnite index and exponent. By Theorem 11, V is
generated by a class of subdirectly irreducible ﬁnite graded algebras. To
prove the lemma, it sufﬁces to show that each of these algebras belongs to
Var O. We shall prove even more: each of them is isomorphically embedded
in O. Till the end of the proof, we assume that A is a ﬁnite subdirectly
irreducible algebra in V.
If A is nilpotent then A0 ¼ 0; A1 ¼ A; A2 ¼ 0 and dimK A ¼ 1; for if
a1; a2 2 A were linearly independent, the subspaces spanned by a1 and a2
would have been ideals with intersection zero. Thus the map f : A! O
deﬁned by fðagÞ ¼ ae12 is a graded monomorphism, where g is a generator
of A.
Suppose A is a simple ungraded algebra i.e., A ¼ MkðGF ðptÞÞ and pt  q.
If k  3 then f2ða0; b0; a1; b1Þ ¼ e13=0 where a0; b0 2 A0 and a1; b1 2 A1 are
such that e12 ¼ a0 þ a1 and e23 ¼ b0 þ b1.
Hence k  2. Let k ¼ 2. If a0; b0 2 A0 and a1; b1 2 A1 are such that ae11 ¼
a0 þ a1 and e12 ¼ b0 þ b1, then f2ða0; b0; a1; b1Þ ¼ ðaq  aÞe12 ¼ 0. Hence
a aq ¼ 0; q pt, and A ¼ M2ðGF ðqÞÞ. By Corollary 4, O and A are
isomorphic.
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aq
2
¼ ða2Þðqþ1Þðq1Þ=2a ¼ ða2a2Þðq1Þ=2a ¼ ða2Þq1a ¼ a2qa2a ¼ a2a2a ¼ a:
If a0 2 A0 and a1 2 A1, then ða0 þ a1Þ
q2 ¼ aq
2
0 þ a
q2
1 ¼ a0 þ a1. Therefore a
q2
a ¼ 0 for any a 2 A, whereby q2  pt; A ¼ GF ðqÞ or A ¼ GF ðq2Þ. If A ¼
GF ðqÞ then there exists an injective graded homomorphism from A into O. If
A ¼ GF ðq2Þ then the unique possible grading is A0 ﬃ GF ðqÞ and A1 ﬃ GF ðqÞ
and, by Lemma 5 of [13], there exists an element u 2 A1 such that A1 ¼ A0u
and u2 ¼ a=0 belongs to GF ðqÞ. Hence A ¼ GF ðqÞ1þ GF ðqÞu where 1 is the
multiplicative unit of A. Thus the map f : A! O deﬁned as
fða1þ buÞ ¼
a ba
b a
 !
is an injective graded homomorphism.
Now suppose A ¼ B N is a direct sum of vector spaces where B is a
semisimple ungraded subalgebra of A and N is the Jacobson radical of A.
The Jacobson radical N is graded (see for example [5, p. 21]) and, since N is
nilpotent, N2 ¼ 0. If x 2 A0 \ N then f1 implies that x ¼ xq ¼ 0 thus N  A1.
Hence A1 ¼ A1 \ B N . If x 2 A1 \ B and u 2 N then ux; xu 2 A0 \ N , i.e.,
ux ¼ xu ¼ 0. Therefore x ¼ 0, for the ideal of A generated by x has zero
intersection with N . Hence A1 ¼ N . As A=N ﬃ B and A=N ﬃ A0, we have
A0 ﬃ B. Thus A0 is a semisimple ungraded subalgebra of A.
Let A0 ¼ B1      Bs be the (ungraded) decomposition of A0 in simple
algebras. The identity f1 implies that Bi ¼ GF ðqÞ for every i. Let ei be the
unit of the subalgebra Bi. Since A is subdirectly irreducible then AN=0 or
NA=0. Suppose that AN=0. Since the ideals eiN intersect in zero, only one
of them is nonzero, say e1N . Since N decomposes into a direct sum of ideals
N ¼ e1N  ð1 e1ÞN , we have ð1 e1ÞN ¼ 0 and N ¼ e1N . Similarly the
ideals Nei have intersection zero, therefore at most one of them can be
different from 0. There are three possible cases.
Case 1: NA ¼ 0. Then A0 ¼ B1 ¼ GF ðqÞ and N is one-dimensional vector
space over GF ðqÞ. The map f : A! M2ðGF ðqÞÞ deﬁned as
fðaþ buÞ ¼
a b
0 0
 !
;
where a; b 2 GF ðqÞ and 0=u 2 N is ﬁxed, is an injective graded homo-
morphism.
Case 2: Ne1=0; N ¼ e1Ne1. Again A0 ¼ B1 ¼ GF ðqÞ and we consider N as
ðGF ðqÞ;GF ðqÞÞ-bimodule. Since A is subdirectly irreducible, N cannot have
nonzero sub-bimodules with intersection zero. Therefore, there exists an
A BASIS FOR THE GRADED IDENTITIES 605automorphism s of GF ðqÞ such that xa ¼ sðaÞx for all x 2 N and all a 2 GF 
ðqÞ (see [11, p. 315]). Thus, each subspace of N is a sub-bimodule and
therefore N is one-dimensional vector space over GF ðqÞ. The map f : A!
M2ðGF ðqÞÞ deﬁned as
fðaþ buÞ ¼
a b
0 sðaÞ
 !
;
where a; b 2 GF ðqÞ and 0=u 2 N , is an injective graded homomorphism.
Case 3: Ne2=0; N ¼ e1Ne2. In this case A0 ¼ B1  B2 ¼ GF ðqÞ  GF ðqÞ,
NB1 ¼ B2N ¼ 0 and N is a ðGF ðqÞ;GF ðqÞÞ-bimodule. Repeating the
argument of case 2, we know that there exists an automorphism s of GF 
ðqÞ such that xa ¼ sðaÞx, for all x 2 N and all a 2 GF ðqÞ, and N is one-
dimensional vector space over GF ðqÞ. The map f : A! M2ðGF ðqÞÞ deﬁned
as
fðaþ bþ guÞ ¼
a g
0 sðbÞ
 !
;
where a; g 2 B1; b 2 B2 and 0=u 2 N is some ﬁxed element, is an injective
graded homomorphism. &
Remark 14. For reference only, we list some further identities for O:
f3ðy1; y2Þ ¼ y1y2  y2y1;
f4ðz1; z2; z3Þ ¼ z1z2z3  z3z2z1;
f5ðy1; z1Þ ¼ ðy1  z1Þ
q  zq11 ðy1  z1Þ;
f6ðz1; z2Þ ¼ ðz
2ðq1Þ
1  1Þz1z2ð1 ½z1; z2

q1Þ;
f7ðz1; z2Þ ¼ ðz
2ðq1Þ
1  1Þz2z1ð1 ½z1; z2

q1Þ;
f8ðy1; y2; z1; z2Þ ¼ ðX1  X
q2
1 Þð1 ½X1;X2

q1ÞðX2  X
q
2 Þ;
f9ðy1; y2; z1; z2Þ ¼ ðX1  X
q
1 Þ  ðX2  X
q
2 Þ  ððX1  X
q
1 Þ  ðX2  X
q
2 ÞÞ
q;
where Xi ¼ yi þ zi; i ¼ 1; 2. The identity f3 follows from the identity f1 (see
for example [4, p. 73]). The identities f8 and f9 are known by Maltsev and
Kuzmin [10], and we can change the identity f2 in Theorem 7 by any one of
these.
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The next theorem supplies a basis for the graded identities of Oa.
Theorem 15. The graded identities for Oa follow from the identities
g1ðy1Þ ¼ y
q2
1  y1;
g2ðz1Þ ¼ z
2q1
1  z1;
g3ðy1; y2; z1; z2Þ ¼ ðX1  X
q
1 ÞðX2  X
q2
2 Þð1 ½X1;X2

q1Þ;
where X1 ¼ y1 þ z1; X2 ¼ y2 þ z2.
Let V be the variety of graded algebras deﬁned by the identities
g1 ¼ g2 ¼ g3 ¼ 0.
Lemma 16. Var Oa  V.
Proof. Let y1 ¼ aad
d
a
 
be a matrix in Oa0. Its characteristic polynomial
is f ðxÞ ¼ x2  ða2 þ ad2Þ with eigenvalues l where l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ ad2
p
. First,
we observe that
lq
2
¼ ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ ad2
p
Þq
2
¼ ða2 þ ad2Þðqþ1Þðq1Þ=2l ¼ ða2 þ ad2Þðq1Þl ¼ l:
Similarly we obtain ðlÞq
2
¼ l. So, since there exists an invertible matrix
P 2 M2ðGF ðq2ÞÞ such that
P1y1P ¼
l 0
0 l
 !
;
we have yq
2
1 ¼ y1.
Now let
z1 ¼
b c
ac b
 !
2 Oa1:
Since
z21 ¼
b2  ac2 0
0 b2  ac2
 !
and b2  ac2=0 for a is not a square in K, we have ðz21Þ
q1 ¼ 1. Then
z2q11 ¼ z1. Finally, by Maltsev and Kuzmin [10], we know that g3 is a graded
identity of Oa. &
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Proof. Let N ¼ N0  N1 be a nilpotent algebra in V. Hence N0 is also
a nilpotent algebra in V. The nilpotency index s of N0 is 2; for if s > 2,
we can take elements a1; . . . ; as1 2 N0 such that a1 . . . as1=0 and, by g1,
we get
0 ¼ ða1 . . . as1Þ
q2  a1 . . . as1 ¼ a1 . . . as1;
which is a contradiction. Thus if a 2 N0 then a ¼ aq
2
¼ 0 and therefore
N0 ¼ 0. Moreover, as N1N1  N0 ¼ 0, we have N 21 ¼ 0. If a 2 N1 then a ¼
a2q1 ¼ 0; N1 ¼ 0 and N ¼ 0.
The variety V has ﬁnite index and exponent. By Theorem 11, V is
generated by a class of subdirectly irreducible ﬁnite graded algebras. To
prove the lemma it sufﬁces to show that each of these algebras belongs to
Var Oa. We shall prove even more: each of them is isomorphically embedded
in Oa. Till the end of the proof we consider A as a ﬁnite subdirectly
irreducible algebra in V.
Suppose A ¼ B N is a direct sum of vector spaces where B is a
semisimple (ungraded) subalgebra of A and N is the Jacobson radical of A.
Since N is graded ideal and it is nilpotent, we obtain that N ¼ 0. Thus
considering A ¼ B1      Bs, the decomposition of A in simple ungraded
algebras, we see, due to the subdirect irreducibility of A, that s ¼ 1 i.e., A is a
simple algebra.
Now suppose A is simple ungraded algebra i.e., A ¼ MkðGF ðptÞÞ and
pt  q. Observe that k  2, for if k  3 then g3ða0; b0; a1; b1Þ ¼ e13=0
where a0; b0 2 A0 and a1; b1 2 A1 are such that e12 ¼ a0 þ a1 and
e23 ¼ b0 þ b1.
Let us consider k ¼ 2. If a0; b0 2 A0 and a1; b1 2 A1 are such that
ae11 ¼ a0 þ a1, and e12 ¼ b0 þ b1 then
g3ða0; b0; a1; b1Þ ¼ ðaq  aÞe12 ¼ 0;
hence a aq ¼ 0; q pt; A ¼ M2ðGF ðqÞÞ. By Lemma 1 we have two
possibilities: uqA ¼ uA or u
q
A ¼ uA. If u
q
A ¼ uA then A is isomorphic to O, and
it is a contradiction because O does not satisfy g2. Hence we have u
q
A ¼ uA.
By Lemma 5 there exists a graded isomorphism between Oa and A.
Now let us consider k ¼ 1 i.e., A ¼ GF ðptÞ. If 0=a 2 A1 then
aq
2
¼ ða2Þðqþ1Þðq1Þ=2a ¼ ða2qa2Þðq1Þ=2a ¼ ða2Þq1a ¼ a2q1 ¼ a:
If a0 2 A0 and a1 2 A1, then
ða0 þ a1Þ
q2 ¼ aq
2
0 þ a
q2
1 ¼ a0 þ a1:
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2
 a ¼ 0 for any a 2 A, whereby q2  pt; A ¼ GF ðqÞ or
A ¼ GF ðq2Þ. If A ¼ GF ðqÞ then there exists an injective graded homomorph-
ism from A into Oa. If A ¼ GF ðq2Þ then the unique possible grading is
A0 ﬃ K and A1 ﬃ K and, by Lemma 5 of [13], there exists an element u 2 A1
such that A1 ¼ A0u and 0=u2 ¼ a 2 K. Hence A ¼ Kaþ Ku, and the map
f : A! Oa deﬁned as
fðbaþ guÞ ¼
baþ gu 0
0 ba gu
 !
is an injective graded homomorphism. &
Remark 18. We list some other identities for Oa:
g4ðy1; y2Þ ¼ y1y2  y2y1;
g5ðz1; z2; z3Þ ¼ z1z2z3  z3z2z1;
g6ðy1; z1Þ ¼ z
2q2
1 y1  y1;
g7ðy1; z1Þ ¼ ðy1  z1Þ
q  zq11 ðy1  z1Þ;
g8ðy1; y2; z1; z2Þ ¼ ðX1  X
q2
1 Þð1 ½X1;X2

q1ÞðX2  X
q
2 Þ;
g9ðy1; y2; z1; z2Þ ¼ ðX1  X
q
1 Þ  ðX2  X
q
2 Þ  ððX1  X
q
1 Þ  ðX2  X
q
2 ÞÞ
q;
where Xi stands for yi þ zi; i ¼ 1; 2. The identity g4 follows from g1. The
identities g8 and g9 are known by Malstev and Kuzmin [10], and we can
change the identity g3 in Theorem 15 by any of these.
Corollary 19. The nonisomorphic gradings of the matrix algebra of
order two over a finite field are distinguished by their polynomial identities.
In fact, it is sufﬁcient to consider the graded identity yq1  y1. It is satisﬁed
if and only if the grading is isomorphic to O. Observe that the trivial grading
is distinguished as well.
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